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Abstract 

For an efficient implementation of Buchberger's Algorithm, it is essen- 
tial to avoid the treatment of as many unnecessary critical pairs or obstruc- 
tions as possible. In the case of the commutative polynomial ring, this is 
achieved by the Gebauer-Moller criteria. Here we present an adaptation 
of the Gebauer-Moller criteria for non-commutative polynomial rings, i.e. 
for free associative algebras over fields. The essential idea is to detect 
unnecessary obstructions using other obstructions with or without over- 
lap. Experiments show that the new criteria are able to detect almost all 
unnecessary obstructions during the execution of Buchberger's procedure. 

Keywords: Grobner basis, free associative algebra, obstruction, Buch- 
berger procedure 

AMS classification: 16-08, 20-04, 13P10 

1 Introduction 

Ever since B. Buchberger's thesis [2], Grobner bases have become a fundamen- 
tal tool for computations in commutative algebra and algebraic geometry. The 
most time-consuming part in Buchberger's Algorithm is the computation of the 
normal remainder of an S-polynomial corresponding to a critical pair. There- 
fore a significant amount of energy has been spent on reducing the number of 
critical pairs which have to be treated. After the discovery of various criteria for 
discarding critical pairs ahead of time by B. Buchberger and H.M. Moller (see 
[3J, [1] and [TU]), this subject found an initial resolution via the Gebauer-Moller 
installation presented in [7] which offers a good compromise between efficiency 
and the success rate for detecting unnecessary critical pairs. 

A very different picture presents itself for Grobner basis computations for 
two-sided ideals in non-commutative polynomial rings. The basic Grobner basis 
theory in this case was described by T. Mora and others (see [TT] and [H]), and 
obstructions, the non-commutative analogue of critical pairs, were studied in 
[12] . However, since very few authors endeavoured to implement efficient ver- 
sions of Buchberger's Procedure for the non-commutative polynomial ring (i.e. 
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the free associative algebra), the subject of minimizing the number of obstruc- 
tions which have to be treated has received comparatively little attention, and 
merely a few rules were developed. (For an overview, see for instance [BJ). 

In this paper, we present generalizations of the Gebauer-Moller criteria for 
non-commutative polynomials. They cover not only the known cases of useless 
obstructions discussed in [T2], Lemma 5.5 and [BJ, but form a complete analogue 
of the results in the commutative case. One of the key ingredients we use for this 
purpose is the consideration of obstructions without overlaps. We detect useless 
obstructions, i.e. obstructions that can be represented by other obstructions, 
via not only obstructions with overlaps but also those without overlaps. We 
show that the consideration of obstructions without overlaps won't increase 
unnecessary computations, since a Grobner representation is inherent in the S- 
polynomial of every obstruction without overlaps. Consequently, we reduce the 
number of obstructions efficiently and obtain a non-commutative version of the 
Gebauer-Moller criteria. 

This paper is organised as follows. In Section [5] we recall the basic theory 
of Grobner bases for two-sided ideals in non-commutative polynomial rings. In 
particular, we introduce and study obstructions (see Definitions 12.41 and 12.91 
and Lemmas 12.61 and 12. 8[) . present the Buchberger Criterion (see Proposition 
I2.10[) . and formulate the Buchberger Procedure (see Theorem 12. lip . The non- 
commutative analogues of the Gebauer-Moller criteria are developed in Sec- 
tion [3] They are based on a careful study of the set of newly constructed ob- 
structions which are produced during the execution of Buchberger's Procedure. 
As a result, we are able to formulate the Non-Commutative Multiply Crite- 
rion (see Proposition l3.7|) . the Non-Commutative Leading Word Criterion (see 
Proposition 13. 8|) and the Non- Commutative Backward Criterion (see Proposi- 
tion urn}. 

The second author has implemented a version of the Buchberger Procedure 
for non-commutative polynomial rings in the computer algebra system ApCo- 
CoA which includes the non-commutative Gebauer-Moller criteria developed 
here (see [T]). In the last section, we present experimental results about the 
efficiency of the criteria for some cases of moderately difficult Grobner basis 
computations. 

Unless mentioned otherwise, we adhere to the definitions and terminology 
given in [8] and [9]. 

2 Grobner Bases in K(X) 

In the following we let X — {x\, . . . , x n } be a finite set of indcterminatcs (or a 
finite alphabet), and (X) the monoid of all words (or terms) x^ ■■■Xi l where 
the multiplication is concatenation of words. The empty word will be denoted 
by A. Furthermore, let K be a field, and let 

K(X) = fan)! + ■■■ + c s w s | s G N, Cj e K \ {0}, Wl G (X)} 
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be the non-commutative polynomial ring generated by X over K (or the free 
associative X-algebra generated by X). We introduce basic notions of Grobner 
basis theory in this setting. 

Definition 2.1. A word ordering on (X) is a well-ordering a which is compati- 
ble with multiplication, i.e. w\ > a W2 implies w^WiWi > CT W3W2W4 for all words 

Wl,W2,W 3 ,W4 G (X). 

In the commutative case, a word ordering is usually called a term ordering 
or monomial ordering. For instance, the length-lexicographic ordering Ilex is 
a word ordering. It first compares the length of two words and then breaks 
ties using the non-commutative lexicographic ordering with respect to X\ >n ex 
• • • >iiex x n . Note that the non-commutative lexicographic ordering by itself 
is not a word ordering, since it is neither a well-ordering nor compatible with 
multiplication. 

Definition 2.2. Let a be a word ordering on (X). 

(a) Given a polynomial / G K(X) \ {0}, there exists a unique representation 
/ = c\Wi + • • • + c s w s with ci, . . . , c s G K \ {0} and Wt,...,w s G (X) 
such that »!>„■■■ >cr w s . The word Lw CT (/) = wi is called the leading 
word of / with respect to a. The element Lc CT (/) = c\ is called the leading 
coefficient. We let Lm CT (/) = c\W\ and call it the leading monomial of /. 

(b) Let / C be a two-sided ideal. The set Lw (T {/} = {Lw CT (/) | / G 
I \ {0}} 5= (X) is called the leading word set of /. The two-sided ideal 
Lw CT (J) = (Lw ff (/) I / G I \ {0}} C K(X) is called the leading word ideal 
of/. 

(c) A subset G of a two-sided ideal / C K(X) is called a a-Grdbner basis 
of I if the set of the leading words Lw a {G} = {Lw CT (/) | / G G \ {0}} 
generates the leading word ideal Lw a (I). 

In the following we focus on computations of Grobner bases for two-sided 
ideals in K(X). For readers who want to know futher properties and applica- 
tions of non-commutative Grobner bases, we refer to [12] and [15]. Throughout 
this paper we assume that a is a word ordering on (X). The next algorithm is 
a central part of all Grobner basis computations. 

Theorem 2.3. (The Division Algorithm) 

Let f G K(X), s > 1, and G = {g%,...,g s } C K(X) \ {0}. Consider the 
following sequence of instructions. 

(Dl) Let k\ = • ■ ■ = k s = 0,p = 0, and v = f . 

(D2) Find the smallest index i G {l,...,s} such that Lw cr (u) = w 'Lw a {gi)w l 
for some words w,w' G (X). If such an i exists, increase ki by 1, set 
Ciki = Lc"(g}) > w »fc. = w ' w iki = w ' ' > an d replace v by v - Cik t w iki giw' iki . 
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(D3) Repeat step (D2) until there is no more i E {1, . . . , s} such that Lw CT (t>) is 
a multiple ofLw a (gi). If now v ^ 0, then replace p by p + Lra ff (u) and v 
by v — Lm„(?/), continue with step (D2). 

(D4) Return the tuples (cii,Wn,w' n ), (c s k a ,w s k s ,w' sk ) and the polynomial p. 

This is an algorithm which returns tuples (en, w± i,w'u ),•••, (c s k a , w s k s , w' 8k ) 
and a polynomial p E K{X) such that the following conditions are satisfied. 

(a) We have f = £)? =1 T,jU <':,"'> :!!■"''. , +P- 

(b) No element o/Supp(p) is contained in (Lw„(3i), . . . ,Lw„(j s )). 

(c) For all i E {1, . . . , s} and all j E {1, . . . , ki\, we have Lw a {wij Si^y) <o- 
Lw ff (/). If p ^ 0, we have Lw CT (p) < a hw a (f). 

(d) For all i E {l,...,s} and all j E {l,...,fej}, we have Lw ^(wijgiW^) £ 
(Lw -(5i),...,Lw er (£f<_i)). 

Note that the resulting tuples (en, aiu, u>ii)> • ■ • , (c s fc s , u> s/ t s , w' sk ) and poly- 
nomial p satisfying conditions (a)-(d) are not unique. This is due to the fact 
that in step (D2) of the Division Algorithm there might exist more that one 
pair (w,w') satisfying Lw CT (i>) = wLw a (gi)w' (see [TS], Example 3.2.2). A poly- 
nomial p E K(X) obtained in Theorem 12.31 is called a normal remainder of / 
with respect to G and is denoted by NR (7i g(/). 

For s > 1, we let F s = (K(X) ® K K(X)) S be the free two-sided K (X)- 
module of rank s with the canonical basis {ei, . . . , e s }, where = (0, . . . , 0, 1(8)1, 

0. . . . , 0) with l(g)l occurring in the i th position for i = 1, . . . , s, and we let T(F S ) 
be the set of terms in F s , i.e. T(i 7 ' s ) = {weiw' \ i E {1, . . . , s}, w, w' E (X)}. 

Definition 2.4. Let G = {gi,...,g s } Q K(X) \ {0} with s > 1, and let 

1, j E {1, . . . , s} such that i < j. 

(a) If there exist some words Wi,w' i7 Wj ,w'j E (X) such that WiLw a (gi)w' i — 
Wj hw a (gj)w' : j, then we call the element 

Oi,j{ l u>uu>i,'Wj,w' j ) = - — ^— r Widw'i - - — ^—-Wjejw'j e F s \ {0} 

an obstruction of and <7j. If i = j, it is called a self obstruction of 
We will denote the set of all obstructions of gi and gj by Obs(i, j). 

(b) Let Oi,j(wi,w' i ;wj,w'j) E Obs(i,j) be an obstruction of gi and (/j. The 
polynomial 

S itj (w i ,w' i ;w j ,w' j ) = - — ^— r Wigiw'i - - — ^——WjgjW^ E K(X) 
is called the S-polynomial of Oi i j(wi,w' i ;Wj,w'j). 
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Using these definitions, we can characterize Grobner bases in the following 
way. 

Proposition 2.5. Let G — {g%, . . . ,g s } C K(X) \ {0} be a set of polynomi- 
als which generate a two-sided ideal I = (G) C K(X). Then the following 
conditions are equivalent. 

(a) The set G is a a-Grobner basis of I. 

(b) For every obstruction Ojj(i0j, w\; Wj, w'j) in the set Ui<i<j< s Obs(i, j), its 
S-polynomial Sij (wi , w[ ; Wj , w'j ) has a representation 

A" 

S it j(wi,w' i ',Wj,w'j) = c k w k g lk w' k 
fe=i 

wii/i Cfc € K,Wk,w' k G (X), and gi k G G /or a/Z k G {1, . . . suc/i £/ia£ 
Lw^fwjjjWj) > a Lw a (w k g ik w' k ) if c k ^ /or some fc € {1, . . . , fJ,}. 

Proof. See [IB]. Proposition 4.1.2. □ 

A presentation of Sij(wi, w'f, Wj, w'j) as in Proposition l2.5l b is called a (weak) 
Grobner representation of Sij(wi,w' i ; Wj, w'j) in terms of G. 

Observe that there are infinitely many obstructions in each set Obs(i, j), due 
to the following two types of trivial obstructions. 

(Tl) If Oij(wi 7 w' i - 1 Wj,w'j) G Obs(i,j), then, for all w,w' G (X), we have 
Oij(wwi 1 w' i w' ';wwj ,w'jw') G Obs(?,j). 

(T2) For all w G (X), we have o^ (Lwo-f^ )?/;, 1; l,w;Lw a .(<7i)),o J :.j(l, fflLw (jj); 
Lw CT (5i)w,l) 6 Obs(i,j). 

Before going on, let us get rid of these two types of trivial obstructions. The 
following lemma handles trivial obstructions of type (Tl). 

Lemma 2.6. If the S-polynomial ofOij(wi, w[; Wj, w'j) G Obs(i, j) has a Grobner 
representation in terms of G, then, for all w,w' G (X), the S-polynomial of 
Oij(wWi,w' i w';wWj,w'jW / ) also has a Grobner representation in terms of G. 

Proof. Without loss of generality, we assume that Sij (wi , w[ ; Wj , w'j ) is non- 
zero. We write Sijiw^w'^Wj, w'j) = J2k=i c kW k g lk w' k , where c k G K \ {0}, 
w k ,w' k G (X), and gi k G G such that lsN a {wjgjw'j) > CT Lw a {w k gi k w' k ) for all 
k G {1, ... , /^}. For all w, w' G (X), it is clear that Sij(wwi,w' i w' ;wwj,w'jw') 
= J2 k =i c k ww k gi k w' k w' . Since the word ordering a is compatible with multipli- 
cation, we have wLw CT (wjgjWj)w' > CT whw a (w k gi k w' k )w' for all k G {1, . . . ,/^}. 
Therefore, we have \jvj a {wwjgjw'jw') > a Jjw a (ww k gi k w' k w') for all k G {1, . . . , /^} 
and Si.j(wWi,w' i w';wWj,w'jW') — J2k=i c kww k gi k w' k w' is a Grobner represen- 
tation in terms of G. □ 
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To deal with trivial obstructions of type (T2), we introduce some terminology 
as follows. 

Definition 2.7. Let G = {g%,.. .,g s } C K(X) \ {0} with s > 1. 

(a) Let wi,W2 G (X) be two words. If there exist some words w, w' ,w" G (X) 
and w 7^ 1 such that iui = w/iu and = ww" , or u>i = W and 
o>2 = w"w, or wi = w and u>2 = w'ww", or w% — w'ww" and u>2 = w, 
then we say w\ and W2 have an overlap at Otherwise, we say that w± 
and W2 have no overlap. 

(b) Let Oi_j(wi,w' i ;wj ,w'j) G Obs(i,j) be an obstruction. If Lw CT (gi) and 
Lw ff (jj) have an overlap at u> G (X) \ {1} and if w is a subword of 
WiLw a -(gi)w' i , then we say that Oij(wi,w / i ;wj,w'j) has an overlap at w. 
Otherwise, we say that Oi j j(wi,w' i ;Wj,Wj) has no overlap. 

Thus, as shown in (T2), there are infinitely many obstructions without over- 
laps in each Obs(i, j). The following lemma gets rid of these trivial obstructions. 

Lemma 2.8. If ' Oij(wi,w' i ;wj,w'j) G Obs(i,j) has no overlap, then Sij(wi,w' i ; 
Wj,w'j) has a Grobner representation in terms of G. 

Proof. See [H], Lemma 5.4. □ 

Observe that Lemma l2.8l is indeed a non-commutative version of the product 
criterion (or criterion 2) of Buchberger (cf. [4]). 

Definition 2.9. Let G = {g u ...,g s }C K(X) \ {0} with s > 1. 

(a) Let i,j G {1, . . . , s} and i < j. An obstruction in Obs(i, j) is called non- 
trivial if it has an overlap and is of the form Oi i j(vji, 1; 1, Wj), or 0^ (1, w[; 
Wj,l), or o it j(w i ,w' i ] 1, 1), or 0^(1, 1; Wj,v/j) with lUj, i^, lUj, G (X). 

(b) Let i G {1, . . . , s}. A self obstruction in Obs(i, i) is called non-trivial if it 
has an overlap and is of the form 0^(1, w'^Wi, 1) with Wi, w[ G (X) \ {1}. 

(c) Let i, j G {1, . . . , s} and i < j. The set of all non-trivial obstructions of 
<7i and gj will be denoted by NTObs(t, j). 

In the literature, a non-trivial obstruction of the form Qi t j(iVi, 1; 1, w'j) is 
called a left obstruction, a non-trivial obstruction of the form 0^(1, w[; Wj, 1) is 
called a right obstruction, and a non-trivial obstruction of the form Oi^(wi,w' i ; 
1, 1) or o, j (l, 1; Wj, w'j) is called a center obstruction. We picture four types of 
obstructions as follows. 
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At this point we can refine characterization of Grobner bases as in Proposi- 
tion 12.51 in the following way. 

Proposition 2.10. (Buchberger Criterion) 

Let G = {<7i, ...,g s } C K(X) be a set of non-zero polynomials which gen- 
erate a two-sided ideal I = (G) C K{X). Then the set G is a a-Grobner 
basis of I if and only if for each non-trivial obstruction Oi y j{wi,w' i ]Wj ,w'j) € 
Ui<i<j< a NTObs its S-polynomial Si,j(wi,w' i ;Wj,w'j) has a Grobner rep- 
resentation in terms of G. 

Proof. This follows directly from Proposition 12.51 and Lemmas 12.61 and 12.81 In 
view of Lemma |2.8[ it suffices to consider each obstruction with overlap, which 
is either a non-trivial obstruction or a multiple of a non-trivial obstruction. 
Further, Lemma 12.61 treats a multiple of a non-trivial obstruction via the cor- 
responding non-trivial obstruction. Therefore, it is sufficient to consider only 
non-trivial obstructions. □ 

This proposition enables us to formulate the following procedure for com- 
puting Grobner bases of two-sided ideals. Note that, in the procedure, by a fair 
strategy we mean a selection strategy which ensures that every obstruction is 
selected eventually. Since these Grobner bases need not be finite, we have to 
content ourselves with an enumerating procedure. 

Theorem 2.11. (The Buchberger Procedure) 

Let G — {g\, . . . , g s } C K(X) be a set of non-zero polynomials which gener- 
ate a two-sided ideal I = (G) C K(X). Consider the following sequence of 
instructions. 

(Bl) Let s' = s and B = Ui<i<j< s ' NTObs(i, j). 

(B2) If B = 7 return the result G. Otherwise, select an obstruction Oij(wi, w[] 
Wj, w'j){zB using a fair strategy and delete it from B. 

(B3) Compute the S-polynomial S — Sij(wi, w'f, Wj, w'j) and its normal remain- 
der S' — NRo- g^S). If S' = 0, continue with step (B2). 

(B4) Increase s' by one, append g s i — S' to the set G, and append the set 
of obstructions Ui<i< s ' NTObs(i, s') to the set B. Then continue with 
step (B2). 
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This is a procedure that enumerates a a-Grdbner basis G of I. If I has a finite 
a -Grobner basis, it stops after finitely many steps and the resulting set G is a 
finite a-Grdbner basis of I. 

Proof. Note that this is a straightforward generalization of the commutative 
version of Buchberger's algorithm to the non-commutative case. We refer to [12] 
for the original form of this procedure and to [15], Theorem 4.1.14 for a detailed 
proof. □ 



3 Non-Commutative Gebauer-Moller Criteria 

In this section we present non-commutative Gebauer-Moller criteria, which 
check if an obstruction can be represented by "smaller" obstructions. If so, 
we declare such obstructions to be unnecessary. Before going into details, we 
choose a well-ordering r on T(F S >) and use it to order obstructions. In the 
following, let s' > 1 and let G = {gi, . . . ,g s >} C K{X) \ {0} be a set of non- 
commutative polynomials. 

Definition 3.1. Let us define a relation r on T(F S ,) as follows. For two terms 
Wieiw' 1 ,ui2ejw' 2 <E T(F S *), we let w\eiw' x > T w 2 ejW 2 if 

(a) wi Lw <T (g i )w[ > CT w 2 Lw <T (g j )w' 2 , or 

(b) wi Lw lT (gi)w' 1 — w 2 hwa-(gj)w 2 and i > j, or 

(c) w\ LiWa(gi)w[ = u>2 Lwcr(gj)w 2 and i = j and W\ > CT w%. 

One can check that r is a well-ordering and is compatible with scalar multipli- 
cation. The relation r is called the module term ordering induced by (a, G) on 
T(F S ,). 

By definition, for every obstruction Oi ; j(wi, w[; Wj, w'j) S Ui<i<j< s ' Obs(i,j), 
we have Wieiw[ < T WjCjWj. We extend the ordering r to the set of obstructions 
Ui<i<j< s ' Obs(i,j) by committing the following slight abuse of notation. 

Definition 3.2. Let r be the module term ordering induced by (cr, G) on 
T(F S /). Let Oij^Wi^w'^WjjW'^jOkjiwk^w'^wijWl) be two obstructions in the 
set Ui<i<j< S ' Obs(i, j). If we have WjejWj > T w\eiw[, or if we have WjCjw'j = 
wieiw[ and w^iw^ > T w k e k w' k , then we let Oi l j(wi,w' i ;Wj,w' j ) > T o kt i(w k ,w' k ; 
Wi,w'i). The ordering r is called the ordering induced by (cr, G) on the set of 
obstructions. 

One can verify that r is also a well-ordering on Ui<i<j< s ' Obs(i, j) and 
compatible with scalar multiplication. 

Now we are ready to generalize the commutative Gebauer-Moller criteria 
(see [5] and [7]) to the non-commutative case. Recall that, in step (B4) of the 
Buchberger Procedure, when a new generator g s i is added, we immediately con- 
struct new obstructions Ui<i<s' NTObs(i,s'). We want to detect unnecessary 
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obstructions in the set Ui<;< S ' NTObs(z, s') of newly constructed obstructions 
and unnecessary obstructions in the set Ui<i<j<s'-i NTObs(z, j) of previously 
constructed obstructions. We achieve this goal via the following three steps. 
Firstly, we detect unnecessary obstructions in the set Ui<i< s ' NTObs(i, s') with 
the aid of other obstructions also in this set. Secondly, we detect unnecessary 
obstructions in the set Ui<i< s ' NTObs(i, s') with the aid of obstructions in the 
set Ui<i<j< s '-i NTObs(i, jj. Thirdly, we detect unnecessary obstructions in 
the set~\J 1<i< - <s ,_ 1 NTObs(i, j) with the aid of the new generator g a i. Indeed, 
the first two steps correspond to the commutative Gebauer-Moller criteria M 
and F, while the last step corresponds to criterion B k (c.f. [7], Subsection 3.4). 

The following three lemmas help us to implement the first step, that is, 
to detect unnecessary obstructions in the set Ui<i< s ' NTObs(i, s') of newly 
constructed obstructions via other obstructions in this set. Note that this step 
is called a head reduction step in [5]. 

Lemma 3.3. Let Oi ia i{wi,w[',w s ti,w > B , i ),Oj tS t(wj,Wj]w a >j,w' B ,j) be two distinct 
non-trivial obstructions in Ui<i< s ' NTObs(z, s') with two words w,w' G {X) 
satisfying w s >i — ww s 'j and w' sli = w' 8 ,-w'. If i < j and ww' ^ 1, then we have 

o i ^(w l ,w l i ;w s >i,w l s , i ) = woj^^Wjjw'^Ws'jjw'^^w' + o i j(Wi,w' i ;W'Wj,'w' : j'w') 

with o l . s i{w l ,w' l \w sli , w' sH ) > T Oj ia '(wj,w' j ;w a 'j,w' s , j ) and o i<s > (lOj, w[; w g >i, w' S 'i) 
> T Oi t j(wi, w[; wwj, ui'jw'). Moreover, iftheS-polynomialsSj tS '(wj,w'j;w S 'j,w' sl: j) 
and Sij(wi 1 w' i ]wWj 1 w'jW / ) have Grobner representations in terms of G, then 
so does S l ^(w l ,w' i ;w S ' i ,w' s , i ). 

Proof. The equation follows from Definition ^. 41 a and from the conditions w s n — 
ww s > j,w' sli — w'^jW' and i < j. Because of ww' > 1, we have w s n Lw(g 3 i)w gli — 
ww s ijlw{g s i)w' sl jW' > a w s ijlm(g s i)w' slj . Thus we have w s ^e sl w' sli > T w s >je s ,w' slj 
andoi^twijW'fjWs'ijWg^) > T Oj <a >(wj,w' : j] i w s /j,w' a ,j). In view of «; s /.j Lw(g a t)w' gH 
= Wi hw(gi)w' i — wwj Jjw(gj)WjW' and s' > j, we get w s iie a >w' s/i > T wWjejWjVj' 
and o l , s >(w l ,w' l \w S H,w' s , l ) > T Oi^Wuw'^WWj^w'^w'). 

Next we show that, if Sj. s >(wj,w'j;w s >j,w' s ,j) and Si l j(Wi,w' i ;wWj,w'j'w') 
have Grobner representations in terms of G, then so does Si jS t (wi, w^; w s n, u) sH ). 
Clearly we have 

S^s^w^w'i, w s >i,w' sll ) = wS J:S * (wj,ti/j;w s /j,v/ slj )v/ + S i ^{w l ,w' l ;wwj 1 w' j w'). 

Without loss of generality, we assume that Si >a /(wi,w' i ;w a 'i,w' s i i ), Sj >a i(v)j ,Wj] 
w a ij,w' s ,j) and Sij{wi,w' i ;wwj,w'jw') are non-zero. Since there is a Grobner 
representation for Sj ;a t{Wj,w'j]W a tj,w' s ,j), we have 

Sj, a < {wj , w'j ; w a ij , w' a , j ) = a k w k g lk w' k 

k=l 

with a k e K \ {0}, w k ,w' k G (X), g lk G G such that lm a {w a <jg s iw s ,j) > CT 
Lw CT (afeWfe(/i ) . w' k ) for all k G {1, . . . , /i}. Similarly, for Sij(Wi, w[; wwj, WjW 1 ) we 
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have 



Si i j(w^w' i ;wwj,w' j w') = y biwig^wl 



1=1 

with b\ G K \ {0}, wi,w[ G (X), G G such that JjW a (wWjgjWjW') > a 
Lw uibiwig^w'i) for all / G {1, . . . , ^}. Therefore we have 

f-i V 

Si^iwuw'^Ws'i,™'^) = w(^2a k w k g ik w' k )w' +^kw l g il w' l 

k=l 1 = 1 

= ^2 a k ww k g ik w' k w' + ^2 biungi^. 

k=l 1 = 1 

From w s 'i Lwa-(g s >)w' sli — ww s ij hw a (g s >)w' s ,jw' , it follows that Lw (T (w s 'ig s 'W' s , i ) 
= Lw a (ww s 'jg s 'w' slj w') >cr Lw a (ww k g lk w' k w') for all k G By Def- 

inition [521 we have Lw tT (w S 'ig S 'w' s , i ) — hw r7 (wigiw' i ) — Lwo-(wWjgjWjW') > a 
Lwcfiiwigi^l) for all / G {1, ... , v}. Therefore 

Siy(w i ,w' i ;w s >i,w' s , i ) = a k ww k g ik w' k w' + y^biwig il w' l 

k=l 1=1 

is a Grobner representation of Si, s < (u^, u4; «Vi, u^,,). □ 

The following example shows that the obstruction Oij(wi, w[] wwj, w^w') in 
the equation of Lemma 13.31 can be a non-trivial obstruction, i.e. a multiple of a 
non-trivial obstruction or an obstruction without overlap. Similar phenomena 
occur in Lemmas 13. 5[ 13.61 13.91 and I3.11[ as well. 

Example 3.4. Consider polynomials G = {31,52,53} m the non-commutative 
polynomial ring K(x,y). 

(a) Assume that Lm CT (3i) = y 3 , Lm^^) = x 2 y 2 and Lm CT (<?3) = xyx 2 y. Then 
we have oi. 3 {xyx 2 ,l;l,y 2 ), 02,3(2:2/, l;l,y) G U 1 < i < 3 NTObs(i,3), and 

oi.3(xyx 2 , 1; 1, ?/ 2 ) = 02,3(2:2/, 1; l,y)y + o lt2 (xyx 2 , 1; xy, y). 

Observe that Oi^ixyx 2 , xy: y) — xyoi2(x 2 ,\;l,y) is a multiple of non- 
trivial obstruction 01,2 {x 2 , 1; 1, y). 

(b) Now assume that Lnv^i) = (xy) 2 , Lm^^) = y and Lm^^) = xyx 2 y. 
Then we have Oi^(xyx, 1; 1, xy), 02,3(2;, x 2 y; 1, 1) G Ui<i<3 NTObs(i, 3), 
and 

01,3(2:2/2;, 1; 1, xy) = 02,3(2;, 2; 2 y; 1, l)xy + o li2 (xyx, 1; 2;, x 2 yxy). 

One can check that 01,2(2:2/2;, l;x,x 2 yxy) is an obstruction without over- 
lap. 
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Lemma 3.5. Let Oi tS i(wi,w , i ;WsH>^a'i)i 3\&i w 3>^j> w *'j> w a'j) ^ e ^ wo distinct 
non-trivial obstructions in lj 1<i<s , NTObs(i, s') with two words w,w' G {X) 
satisfying uvi = ww s ij and w' gli — w a ,jW' . If i > j, then we have 

0i t3 t(w i ,w' i ;'w a >i,w , ali ) = woj^^w^w'^ws-j^'^^w' - Oj^ww^w^w' \w i ,w' i ) 

with Ols' {w l ,w' l \w s >i, lOg/j) >r Oj, a > ( w j , w ji w s' j , w' s ' j) and o itS > (tOj, it)-; w s h, K'i) 
> T Oj i (wwj,w'jw';wi 1 w' i ). Moreover, iftheS-polynomialsSj tS i(wj,Wj;w s 'j,w' s ,j) 
and Sj t i(wWj, Wjiv'; Wi, w'^j have Grobner representations in terms of G, then so 
does S ltS >(w l ,w' i ;w s >i,w' s , i ). 

Proof. The equation follows from Definition ^. 41 a and from the conditions w s n = 
ww s 'j,w' sli = w' slj w' and i > j. From w s >i Lw(g s <)w' s , l = ww s ,j Lw(g s >)w' slj w' > a 
w s i jhw(g s /)w' s , j and i > j, it follows that w s iie a >w' sli > T w S ' je s iw' s , j and 
w l e i w' i > T tr,< Thus we have o^-^jW-jWs-,,™^) > T Oj tS '(wj, w'p w s >j, w a/j ). 
Because of w a 'iJjw(g a ')w' a i i = Wihw(gi)w' i and s' > i, we have w a 'iSs , w > a ii > T 
Wieiw'i and Oi, S '(iUi,i(^;MVi! w ' s /i) >r j,i( ww j7 w j w/ ', w i7 w i)- The second part 
can be proved by following the same argument as in the proof of Lemma l3.3l □ 

Lemma 3.6. Let Oi^^w.^w'^Ws'i^w'^^^Oi^^w^w'^Ws'j^w'^^ £ NTObs(z,s') 
be two distinct non-trivial obstructions with two words w, w' € (X) satisfying 
w s >i — ww s ij and w' sli — w' s ,jW'. If ww' ^ 1 or if ww' = 1 and Wi > a Wj, then 
we have 

Oi ta >(wi,w' i ;w a 'i,w' a , i ) = wo hS ' (wj , w'j] w s ' j , w' s , j)w' + o M (w t , w[; wvjj, w'jW 1 ) 

with o itS '(w i ,w' i ;w a >i,w' a , i ) > T o ija '(wj,Wj;w a 'j,w' 8lj ) andoi )S >(w i ,w' i ;w s >i,w' a , i ) 
> T Oi t i(wi,w' i ;wWj,Wj'w'). Moreover, iftheS-polynomialsSi jS /(wj,w^;w s ij,w' a/: j) 
and Si^Wi^w'^wuij ,WjW r ) have Grobner representations in terms ofG, then so 
does i,s'('Wi,w' i ;w a ii,w a , i ). 

Proof. The equation follows from Definition ^. 41 a and from the conditions uvi — 
ww s 'j and w' a/i = w' a ,jw'. From w a n Lw (g s r)w' sli = ww S 'j Lw(g a i)w' a ,jW' and the 
conditions ww' / 1 or ww' — 1 and Wi > CT Wj, it follows that w s >ie S 'w' sli > T 
w a ije a iw' a ,- and Oi ta >(wi,v/ i ;w a 'i,w' sH ) > T o liS >(w j ,w' j ;w s/j ,w' s , j ). And from 
w s 'i Lw(g a ')w' a , i = Wiljw(gi)w' i — wwjhw(gi)w'jw' and s' > i, it follows that 
w a 'ie a 'w' ali > T wWjeiWjW' and Oi >s >(wi,v/ i ;w a >i,w , a , i ) > T o i . l (w l ,w' l ;ww : j,w' J w'). 
One can verify the second part by following the same approach as in the proof 
of Lemma 13.31 □ 

In the following, we present the non-commutative multiply criterion and the 
leading word criterion. They are non-commutative analogues of the Gebauer- 
Moller criteria M and F, respectively. 

Proposition 3.7. (Non-Commutative Multiply Criterion) 

Suppose that Oi.s^WiiW'^Ws'ijW'sn) and Oj, S '(wj,Wj;w s >j,w' s ,j) are two distinct 
non-trivial obstructions in Ui<i< 8 ' NTObs(i, s') such that there exist two words 
w,w' G (X) satisfying w s >i — ww s >j and w' sli = w' s ,.w'. Then we can remove 
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Oi,s'(wi, w[; w S 'i, Wj/.j) from Ui<i<«' NTObs(i, s') in the execution of the Buch- 
berger Procedure if ww' =/= 1 . 

Proof. According to the previous lemmas, the obstruction o^y (io,, w'j, w a 'i, w' s ,j) 
can be represented as 

o^fw^w-jWrt.w^) = wo jja >(Wj,Wj;w s ij,w' s>j )w' + ao k .1 (w k , w' k ; wi , 

with a € {1,-1} and k — vam{i,j},l — max{i,j}. To prove that Oi iS > (wj, w'j] 
w S 'i,w' sH ) is strictly larger than o,- )S /(uty, w'y, w s >j, w' s ,j) and Ok,i{wu ) w' k \Wi,w' l ), 
we consider two cases. If i > j, then the result follows from Lemma [5751 if i < j, 
then the result follows from Lemmas l3.3l and [3~6l Moreover, Si iS > (wi, w{; w S 'i,w' sli ) 
has a Grobner representation in terms of G if Sj <s > (wj , w'j ; w s >j , u;^, ■ ) and S k ,i(wk, 
w'u\Wi,w',) have Grobner representations in terms of G. Theorem 12.111 ensures 
that Si ta i(wi,w' i \w a 'i,w , a i^) has a Grobner representation in terms of G. Note 
that the obstruction Ok,i{w k , w' k ; wi,w'j) can be either a multiple of a non-trivial 
obstruction or an obstruction without overlap (for instance, see Example I3.4[) . 
If o k ,i(w k , w' k ;wi, w'j) is a multiple of a non-trivial obstruction, then Lemma [2~B1 
and Theorem 12.111 guarantee that Sk,i(wk,w' k ;wi,w'j) has a Grobner represen- 
tation in terms of G. If o k ,i(w k , w' k ; Wi, w[) is an obstruction without overlap, 
then, by Lemma 12.81 its S-polynomial has a Grobner representation in terms 
of G. Now the conclusion follows from Proposition 12.101 and Theorem l2.111 □ 

Proposition 3.8. (Non-Commutative Leading Word Criterion) 

Suppose that Oi^iiwijw'^WaHjW 1 ^^) and Oj ta i(wj,w'j;w a ij,w' s/ j) are two distinct 
non-trivial obstructions in Ui<j< s ' NTObs(i, s') such that there exist two words 
w,w' € (X) satisfying w s 'i = ww s >j and w' sli — w' 8 ,jW'. Then o, jS /(ittj, w'j-, 
Ws'ijWgn) can be removed from Ui<i<s' NTObs(i, s') in the execution of the 
Buchberger Procedure if one of the following conditions is satisfied. 

(a) i > j. 

(b) i — j and ww' = 1 and Wi > a Wj. 

Proof. Observe that condition (a) corresponds to Lemma 13 - 51 while condition 
(b) corresponds to Lemma T3. 61 We represent Oj tS i{wj,w' i ; w s n,w' s ,j) as 

Oi,s'(Wi, w'i, W s 'i, Wjj) = WOj^(Wj,w' j ;W s >j,W a ,j)w' ~ Ojj (wWj , Wj w' ] Wi , w'j). 

By Lemmas 13.51 and 13.61 we have o,* )S < («;,-, «4; w a ii,w' g ,j) is strictly larger than 
Oj^(wj,w'j;w s 'j,w' s ,j) and Oj,i(wWj,w' j w'\Wi,'W§. Moreover, S 1 . s '(w 1 ,w' 1 ;w s h, 
tfg/j) has a Grobner representation in terms of G if Sj !a >(wj,Wj;w a >j,w' s ,j) and 
Sj.i(wwj ,w'jW' ';wi,w' i ) have Grobner representations in terms of G. Theorem 
12.111 ensures that Si ia i{wi,w' i ',w a 'ii'U> , a , i ) has a Grobner representation in terms 
of G. Note that the obstruction Oj^(wWj, w'jW'; Wj, w[) can be either a multiple 
of a non-trivial obstruction or an obstruction without overlap (for instance, see 
Example 13. 4| . If Oj^(wWj, w^w'; Wj, w'j) is a multiple of a non-trivial obstruc- 
tion, then Lemma 12.61 and Theorem 12.111 guarantee that Sj t i(wWj,w'jW';Wi,w'j) 
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has a Grobner representation in terms of G. If Oj t i(wWj, w'^w'; w^w'j) is an ob- 
struction without overlap, then, by Lemma l2.8[ its S-polynomial has a Grobner 
representation in terms of G. Now the conclusion follows from Proposition 12 . 101 
and Theorem [2~TT1 □ 

Next we work on detecting unnecessary obstructions in Ui<i< s ' NTObs(i, s') 
via obstructions in the set Ui<i<j<«'-1 NTObs(i, j) of previously constructed 
obstructions. Note that this step is called a tail reduction step in [5]. 

Lemma 3.9. Let Oj )S >(wj s ' , w' js , ; w s >, w' s ,) G Ui<i< s ' NTObs(z, s') and o it j(wi, 
■w'^WjijWji) G Ui<i<i< s '-i NTObs(i,,7') 6e two non-trivial obstructions. If there 
exist two words w,W G (X) such that Wj s ' — wWji and Wj s , = wLw', then we 
have 

Oj jS > (w js > , w'j B , ; w s > ,w' s ,) = -woij (wi fiv'^Wji, w' 3i )w' + o iiS > (wwi ,w[w'; w„> , w' s , ) 

withOj tS '(w js >,w' js ,-,Wg>,w' s ,) > T Oi l j(Wi,w' i ',Wji,W , j i ) andoj tS /(wja',w' ja ,',w a >,w' a ,) 
> T 0i tS '(wWi,w' i w';w 8 ' ,w' s ,). Moreover, if the S-polynomials Si t j(wi,w' i ;Wji,Wj i ) 
and Si. s >(wwi,w' i w';w s >,w' s ,) have Grobner representations in terms of G, then 
so does Sj tS '{wj s i ,w' js ,;w s > ,w'„,). 

Proof. The equation follows from Definition ^. 41 a and from the conditions Wj S i = 
wwji andiu' v = w' ii w'. Weh&veoj tS >(wj s >,w' js ,;w s >,w' 8l ) > T Oij(w i ,w' i ;Wji,w' ji ) 
forw S 'e s /w^, > T Wj s iejWj s , — wwjiCjw'^w > T WjiCjW 1 ^. Because of Wj 8 iejw'- S i = 
a:Wj,< , /r',/r > T ww l eiw' l w' , we have Oj <s > (wj s > , w' js , ; w s > , w' s ,) > T Oi, s >(wwi, w^w'; 
w s /, w' s ,). Again, we can prove the second part by following the same argument 
as in the proof of Lemma 13.31 □ 

Note that the obstruction o^ s i{w'Wi,w' i 'w'\w s i ,w' a ,") in Lemma 13.91 can be 
either a multiple of a non-trivial obstruction or an obstruction without overlap. 
However, it suffices for us to consider only the latter case, since the former case 
has been considered in Proposition 13. 71 and, more precisely, in Lemma 13.51 

Proposition 3.10. (Non-Commutative Tail Reduction) 

Suppose that Oj >s t(wj s i ,Wj 8 ,;w s ' ,w' s ,) and Oij(wi,w' i ;wji,w' : j i ) are non-trivial 
obstructions in[j 1<i<s , NTObs(i,s') and Ui<i<j< s '-i NTObs(i,j), respectively, 
such that there exist two words w,w' G (X) satisfying Wj s i = wwji and w'j s — 
w'jtw'. Ifwwi is a multiple ofw s > JjW rT (g s >) or ifw[w' is a multiple ofLw <7 (g s >)w' s , , 
then Oj t s>(wj S > ,w'j S ,;w s > ,w' s ,) can be removed from Ui<i< s ' NTObs(z, s') in the 
execution of the Buchberger Procedure. 

Proof. By Lemma 13.01 the obstruction 0jy(Wj 8 i ,w'j S ,;w s > ,w' s ,) can be repre- 
sented as 

Oj, s ' (Wj 8 > , w' js , ; W S ' ,Uj' s ,) = WOi J (Wi, w'f, Wj l ,w' ]i )w' + Oi >s i (wwijw'iw'] w s > , w' s , ) 

with Ojy (w JS > , w'js' > w s' > w ' s ') >r (Wi iw'^Wji, w'ji) and Ojy (wj„> , w' js , ; w„> , w' s , ) 
> T Oi^'iwwijW^w'; w S ',w' s ,). Moreover, if the S-polynomials Sij(wi,w' i ;wji,w' ji ) 
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and Si lS '(wWi,w' i w']'w s ','w' s ,) have Grobner representations in terms of G, then 
so does Sj tS i (u)j s > , Wj s , ; w a i , w' s , ) . Theorem l2 . 1 ll ensures that Sij (wi , w[ ; Wji , w'^ ) 
has a Grobner representation in terms of G. Note that iwu, is a multiple of 
w s i Lw„(3 s /) or u>^w/ is a multiple of Lw ff (j s /)«)j,. This implies that Oi. s i(wWi, 
w[w' ;«v ,w' s ,) has no overlap. By Lemma [2.81 Si. s >(wwi,w' i w';w s ',w' s ,) has a 
Grobner representation in terms of G. Now the conclusion follows from Propo- 
sition HJH and Theorem EHH □ 

Our experiments in the final section show that, after applying the previ- 
ous two criteria, the Non-Commutative Tail Reduction is unlikely to apply 
in the Buchberger Procedure. This may be due to the fact that frequently 
the Non-Commutative Multiply Criterion and the Non-Commutative Leading 
Word Criterion have already detected all unnecessary obstructions in the set 
Ui<j< s ' NTObs(i, s') of newly constructed obstructions. 

So far we have detected unnecessary obstructions in the set Ui<i< s ' s ') 
of newly constructed obstructions. Intuitively, we are also able to detect unnec- 
essary obstructions in the set Ui<«j'<«'-1 Obs(i,j) of previously constructed 
obstructions. Thus, in the last step, we detect unnecessary obstructions in this 
set by using the new generator g s i . 

Lemma 3.11. Let Oij(wi,w' i ;Wj,Wj) G Ui<i< j<s'— l NTObs(i,j) be a non- 
trivial obstruction. If there are two words w s ', w' s , G {X} satisfying Wj Lw ff (3j)«)j- 
= w s i ljw a (g s i)w' 8 , , then we can represent OijiWijW'^WjjWj) as 

o it j(wi,w' i ;wj,w' j ) = Oi^^w^w'^Wg'jWs,) ~ Oj <s >(wj, w'y, w a >, w' a ,). 

Moreover, if Si jS /(u>j,'U^;'UV ,w' s ,) and Sj jS >(Wj,w'j;w s i ,w' s ,) have Grobner rep- 
resentations in terms of G, then so does Si > j(wi,w' i ;Wj,w'j). 

Proof. The equation follows from Definition l2.4l a and the condition Wj Lw ff (gj)w'j 
= w s > Lw tT (g s i)w' s ,. The proof of the second part is analogous to the proof of 
the second part of Lemma 13.31 □ 

The following example shows that the obstruction Oi >s < (wi, w^; w s > , w' s , ) in the 
equation of Lemma 13.111 can be either an obstruction without overlap or a mul- 
tiple of a non-trivial obstruction. In the case that Oj iS / (Wi, w[] w s > , w' s , ) is a mul- 
tiple of a non-trivial obstruction, say o,- )S '(m,-, w'f, w s > , w' s ,), the example shows 
that it is not necessary to have o,- )S /(iUj,«4;«v ,w' s ,) > T Oi, S '(wi, w[\ w s >, w' s ,) 
(compared to Lemmas 13.31 13.51 13.61 and I3.9j) . The same also holds for the ob- 
struction Oj. s ' (wj , w'j ; w s > , w' s , ) in the equation of Lemma 13.111 

Example 3.12. Consider polynomials G = {gi, <?2, 53} in the non-commutative 
polynomial ring K (x, y) with Lm tT ((7i) = x 3 yx, Lm CT (g2) = x 2 and \jm. a {g^) = x. 
We have Oi i2 (l, l;x,yx) G Ui<i<,<2 NTObs(i,j) and xhw a (g 2 )yx = x 3 yx = 
x 3 yLw (T (g 3 ) and 

01,2(1, ^\x,yx) = 01,3(1, l;x 3 y, 1) - o 2 ,z{x,yx;x i y, 1). 
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One can check that 0-1,3(1, 1; x 3 y, 1) is a non-trivial obstruction in NTObs(l, 3) 
and 01,2(1, 1; x, yx) < T 01,3(1, 1; x y, 1). Moreover, 02,3(2, yx; x 3 y, 1) is an ob- 
struction without overlap. 

The following is a non-commutative analogue of the Gebauer-Moller criterian 
Bk , which is also known as the chain criterion (or criterion 1 ) of Buchberger 

(cf. H). 

Proposition 3.13. (Non-Commutative Backward Criterion) 

Suppose that Oi,j(wi,w' i ;Wj,w' : j) £ Ui<j<j< s '-i NTObs(z, j) is a non-trivial ob- 
struction. Then in the execution of the Buchberger Procedure Oij (uii , w[ ; Wj , w'j ) 
can be removed from Ui<j<i< s '-i NTObs(i, j) if the following three conditions 
are satisfied. 

(a) There are w s >,w' s r € (X) such that Wj Lw ff (jj)wJ = w s > hw rT (g s i)w' s , . 

(b) The obstruction Oi. s ' (wi, w'^ w s i , w^,) is either an obstruction without over- 
lap or a multiple of a non-trivial obstruction in Ui<i< s ' NTObs(i, s'). 

(c) The obstruction Oj, s > (wj , w'j ; w s i , w' s , ) is either an obstruction without over- 
lap or a multiple of a non-trivial obstruction in Ui<i< s ' NTObs(i, s ')- 

Proof. By Lemma 13. Ill we can represent Oij (wi , w[ ; Wj , w'j ) as 

Oij(wi,w' i ;wj,w' j ) = Oi iS / (wijw't; w s > , w' s ,) - Oj, s >(wj, w'j] w s >, w' s ,). 

Moreover, Sij(wi,w' i ;Wj,w'j) has a Grobner representations in terms of G if 
Si. S ' (wi , w[ ; w s > , w' s , ) and Sj jS > (wj , w'j ; w s ' , w' s , ) have Grobner representations in 
terms of G. If Oi.s'iwi^w'^Ws' ,w' s ,) is an obstruction without overlap, then, 
by Lemma [2.81 its S-polynomial has a Grobner representations in terms of G. 
If it is a multiple of a non-trivial obstruction in lj 1<i<s , NTObs(i, s'), then 
Lemma \2. 81 and Theorem 1 2 . 1 1 1 ensure that Si jS '(wi, w'{, W s ', w' s t) has a Grobner 
representations in terms of G. By the same argument, one can show that 
Sj tS i(wj,Wj;w s > ,w' s ,) has a Grobner representations in terms of G. Now the 
conclusion follows from Proposition 12.101 and Theorem 12.111 □ 

We would like to mention that the Non- Commutative Backward Criterion 
given in Proposition 13.131 covers in particular all useless obstructions presented 
by T. Mora in [12], Lemma 5.5. 

Remark 3.14. In order to apply Propositions 13. 71 13.101 and 13.131 to remove 
unnecessary obstructions during the execution of the Buchberger Procedure, it 
is crucial to make sure that the S-polynomials of those removed obstructions 
have Grobner representations. 

(a) ProDOsitions l3.7H3.8l and r3.10l remove unnecessary non-trivial obstructions, 
say Oiy^WifW'^Ws'jWg,), from the set Ui<i< s ' NTObs(i,s') of newly con- 
structed obstructions. The Grobner representation of the S-polynomial 
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Si, S '(wi, w[; w 8 i, w' s , ) depends on the Grdbner representations of the S- 
polynomials of two smaller obstructions in the sets Ui«<j<a'-i Obs(i, j) 
and Ui< 4 < S ' Obs(i,s')- 

(b) Proposition l3.13l removes unnecessary obstructions, say Otj(wi, w'^ Wj, w'j), 
from the set Ui<;<j< s '-i Obs(i, j) of previously constructed obstructions. 
The Grobner representation of Sij (iUj , w[ ; Wj , w'a ) depends on the Grobncr 
representations of the S-polynomials of two obstructions, say Ofe jS ' (wk, w' k ; 
w S 'k,w' s , k ) and oi tS i(wi,w' l ;w a >i,w' a , l ), in Ui<i< S ' Obs(i, s'), which are not 
necessarily smaller than Oi i j(wi,w' i ;Wj,w'j). If Ok, S ' (wk, w' k ; «Vfc, w ' s >k) * s 
a multiple of a non-trivial obstruction, say Ok, s '(wk, w k ;w s >k, w' s , k ), in 
Ui<j< s ' NTObs(z, s'), then, before removing Oij(wi,w / i ;wj,Wj), it is im- 
portant to ensure that Ok, s > (tuft, w' k ; w S 'k, w' 8 , k ) is in Ui<i<s' NTObs(z,s'). 
The same check should be applied to oi >s i(wi,w[;'w s ii,w l s ,{). 

Observe that Propositions 13.71 13.81 and 13.131 are actually generalizations of the 
well-known Gebauer-Moller criteria (see [5] and [7]) in commutative polynomial 
rings. More precisely, Propositions 13. 71 13.81 and 13. 101 correspond to criterion M, 
criterion F and criterion Bk, respectively (c.f. [7], Subsection 3.4). 

Using the Gebauer-Moller criteria, we can improve the Buchberger Proce- 
dure as follows. 

Theorem 3.15. (Improved Buchberger Procedure) 

In the setting of Theorem \2.11\ we replace step (B4) by the following sequence 
of instructions. 

(4a) Increase s' by one. Append g s > — S' to the set G, and form the set of 
non-trivial obstructions NTObs(s') = (Ji<i< s ' NTObs(i, s'). 

(4b) Remove from NTObs(s') all obstructions Oi jS '(u>i, u^; w s <.;, w^) such that 
there exists an obstruction Oj^iiwj^WpWs'jjW'gij) G NTObs(s') with the 
properties that there exist two words w,w' G (X) satisfying w s >i = ww s >j, 
w ' s 'i = w ' s 'j w ' an d ww ' !• 

(4c) Remove from NTObs(s') all obstructions Oi jS '(u)j, w^; w s 'i, w^,,^ such that 
there exists an obstruction Oj tS >(u!j ,WpW s > j,w' s , ■) G NTObs(s') with the 
properties that there exist two words w,w' G (X) satisfying w s >i = ww s >j, 
w' s n = w' s ,jW', and such that i > j, or i — j and ww' = 1 and Wi > a Wj. 

(4d) Remove from NTObs(s') all obstructions Oj ;S < (wj s i , w'j g , ; w s ' , w' s , ) such that 
there exists an obstruction Oij(wi 1 w' i ;Wji,Wj i ) G B with the properties 
that there exist two words w,w' G (X) satisfying Wj s > — wWji,Wj s , — 
w'^w' , and such that Oi jS i(wWi,w[w' ';w s > ,w' s ,) has no overlap. 

(4e) Remove from B all obstructions Oij(wi,w / i ;Wj,w'j) such that there exist 
two words w,w' G {X} satisfying wLwj(j s /)m)' = Wj Lw a (gj)wj , and such 
that the following conditions are satisfied. 
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(i) Oi,s' (wi, w^) w s i, w' s ,) is either an obstruction without overlap or a 
multiple of a non-trivial obstruction in NTObs(s'). 

(ii) Oj <s '(wj,w'j;w s i ,w' s ,) is either an obstruction without overlap or a 
multiple of a non-trivial obstruction in NTObs(s'). 

(4f) Replace B by SUNTObs(s') and continue with step (B2). 

Then the resulting set of instructions is a procedure that enumerates a a-Grobner 
basis G of I. If I has a finite a-Grober basis, it stops after finitely many steps 
and the resulting set G is a finite a-Grobner basis of I . 

Proof. This follows from Theorem dUI] and Propositions 1X71 ET51 |3~TU1 and ETT51 

□ 

4 Experiments and Conclusions 

In this section we want to present some experimental data which illustrate the 
performance of the Gebauer-Moller criteria presented in Propositions 13.71 13.101 
and 13.131 The computations are based on an implementation (using CH — h) in 
an experimental version of the ApCoCoA library (see pQ) by the second author. 

Example 4.1. Consider the non-commutative polynomial ring Q(a,b) equipped 
with the word ordering LLex on (a, b) such that a >LLex b. We take the list of 
finite generalized triangle groups from |13j . Theorem 2.12 and construct a list 
of ideals in Q{a,b). For k = 1, . . . , 13 let I k = (G k ) C Q(a,b) be the ideal 
generated by the following set of polynomials G k Q Q{a, b). 





= w 


-l,b 3 - 


1, 


(ababab 2 ab 2 ) 2 - 1}, 


G 2 


= w 


- l,b 3 - 


1, 


(ababab 3 ) 3 - 1}, 


G 3 


= {a 3 


-l,b 3 - 


1, 


(abab 2 ) 2 - 1}, 




= 


-l,b 3 - 


1, 


(aba 2 b 2 ) 2 - 1}, 


G 5 


- {a 2 


-l,b 5 - 


1, 


(abab 2 ) 2 - 1}, 


Go 


= {a 2 


-l,b 5 - 


1, 


(ababab 4 ) 2 - 1}, 


G 7 


- {a 2 


- l,b 5 - 


1, 


(abab 2 ab 4 ) 2 - 1}, 


Gs 


- w 2 


-1,6 4 - 


1, 


(ababab 3 ) 2 - 1}, 


Go 


- {a 2 


~l,b 3 - 


1, 


(abab 2 ) 2 - 1}, 


G10 


- {a 2 


-l,b 3 - 


1, 


(ababab 2 ) 2 - 1}, 


Gn 


- {a 2 


-l,b 3 - 


1, 


abababab 2 ) 2 — 1}, 


G12 


- {a 2 


-l,b 3 - 


1, 


ababab 2 abab 2 ) 2 — 1}, 


G13 


- {a 2 


-l,b 3 - 


1, 


ababababab 2 ab 2 ) 2 — 1} 



The following table lists some numbers of polynomials and obstructions treated 
by the Improved Buchberger Procedure given in Theorem 13. 151 
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k 


TT / 


#(RedGb) 


#(TolObs) 


#(SelObs) 




#(F) 




Tr V rC ) 


o 

r 


1 


60 


35 


6592 


247 


6077 


45 





223 


0.0375 


9 






30771 

OU 1 1 1 






U J 


n 




01 79 


3 


49 


40 


2721 


194 


2388 


9 





130 


0.0713 


4 


G6 


28 


5047 


262 


4501 


43 





241 


0.0519 


5 


36 


21 


1686 


119 


1443 


23 





101 


0.0706 


G 


199 


164 


51077 


880 


48962 


32 





1203 


0.0172 


7 


199 


164 


51285 


878 


49175 


19 





1213 


0.0171 


8 


52 


37 


3602 


190 


3195 


21 





196 


0.0528 


9 


11 


5 


150 


31 


98 


8 





13 


0.2067 


10 


22 


15 


741 


75 


606 


18 





42 


0.1012 


11 


30 


21 


1573 


117 


1322 


51 





83 


0.0744 


12 


96 


70 


16495 


365 


15648 


93 





389 


0.0221 


13 


220 


194 


87507 


1021 


84903 


149 





1434 


0.0117 



Here we used the following abbreviations. 

• #(G6) is the number of elements of the Grobner basis returned by the 
procedure. 

• #(RedGb) is the cardinality of the reduced Grobner basis of the corre- 
sponding ideal. 

• #(TolObs) is the total number of non-trivial obstructions. 

• j^(SelObs) is the number of actually selected non-trivial obstructions. 

• is the number of unnecessary non-trivial obstructions detected by 
the Non-Commutative Multiply Criterion given in Proposition 13.71 

• ^(F) is the number of unnecessary non-trivial obstructions detected by 
the Non-Commutative Leading Word Criterion given in Proposition GTS] 

• #(Ti?) is the number of unnecessary non-trivial obstructions detected by 
the Non-Commutative Tail Reduction given in Proposition 13. 101 

• =ff(Bk) is the number of unnecessary non-trivial obstructions detected by 
the Non-Commutative Backward Criterion given in Proposition 13.131 

• p = #(SelObs)/#(TolObs). 

Note that #(RedGb) is an invariant of the ideal which only depends on chosen 
word ordering. Other numbers in the table rely also on the selection strat- 
egy. In our experiments we used the normal strategy which first chooses the 
obstruction whose S-polynomial has the lowest degree and then breaks ties by 
choosing the obstruction whose S-polynomial has the smallest leading word 
with respect to the word ordering. The entries in column =^=(Ti?) mean that 
the Non-Commutative Multiply Criterion and the Non-Commutative Leading 
Word Criterion have already detected all unnecessary obstructions in the set 
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Ui<i< s ' NTObs(i, s') of newly constructed obstructions. The low ratios p in the 
table indicate that the non-commutative Gebauer-Moller criteria we obtained 
can detect most unnecessary obstructions during the procedure. 

Example 4.2. The following ideals braid3, braid4 and ufnlh in the non- 
commutative polynomial ring Q(x\, X2, x%, X4,, x$) are taken from [14] , Section 5. 
More precisely, braid3 is the ideal generated by the set {— X2X3X1 + 
X2X1X2 — xiZ2a;i — X3X1X2, x\ + X1X2X3 + x\ + X3}, braid4 is the ideal 

generated by the set {— X2X3X1 + X3X1X3, X2X1X2 —213212^3, xia^a^ — X3CC1X2, xf + 
X1X2X3 + X2 + x^}, and ufnlh is the ideal generated by the set {— X4X5 + 
X5X4, x\ - -£3X5 + x 5 x 3 , x\ - x 3 x 5 , -x 2 x 5 + x 5 x 2l xj - x 2 x 5 , -xix 5 + 

X5X1, xf—XiXs, —X3X4X5+X4X3X4, X3X4X3 — X3X4X5 , — X2X4X5 +X4X2X4 , X2X4X2 — 

X2X4X5, — a; 2 a;3X5-|-X3a;2a;3, a; 2 a:3a;2-a;2a:3^5 I ^i^4^i— a;ia;4^5, — ^l^s^s+^a^i^s, 
X1X3X1 — X1X3X5, — a;ia;2X5-|-a;4a;iX4, — a;ia;2X5-|-a;2a;i2:2, x\X2X\—x\X2X§\ . These 
ideals are generated by sets of homogeneous generators. The following table 
lists the results of the computations of truncated Grobner bases with respect 

tO LLeX On {X\, X 2 , X3, X4, X 5 ) SUCh that Xi >LLex X 2 >LLex ^3 >LLex X4 >LLex ^5, 

via the Improved Buchberger Procedure. The rows braid3-ll, braid4-ll and 
ufnlh-11 correspond to Grobner bases truncated at degree 11, while the row 
uf nlh-15 corresponds to Grobner bases truncated at degree 15. 





#{Gb) 


#{TolObs) 


#{SelObs) 


P 


braid3-ll 


729 


2195 


1663 


0.7576 


braid4-ll 


417 


1675 


1150 


0.6866 


ufnlh-11 


360 


2638 


2406 


0.9121 


ufnlh-15 


892 


7138 


6558 


0.9187 



The meaning of the symbols is the same as in Example 14.11 In this experi- 
ment we also used the normal strategy. Moreover, since we compute truncated 
Grobner bases, we discard those obstructions whose S-polynomial have degrees 
larger than the truncated degree. In this way we control the total number of 
non-trivial obstructions. Thus the ratios p in the table are higher than the ra- 
tios in the table of Example 14. II However, the non-commutative Gebauer-Moller 
criteria again detect most unnecessary obstructions during the procedure. 

The experimental data in Examples l4 . 1 1 and 14 . 21 show that our generalizations 
of the Gebauer-Moller criteria, as presented in Propositions l3.7U3.8l and r3.131 can 
successfully detect a large number of unnecessary obstructions. We conjecture 
that our generalizations detect almost all unnecessary obstructions during the 
Buchberger Procedure. 
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